The value of a health state is typically described relative to the value of an optimal state, specifically as a ratio ranging from unity (equal to optimal health) to negative infinity. Incorporating potentially infinite values is a challenging issue in the econometrics of health valuation.
INTRODUCTION
Can you imagine a health state where you would rather die than be in that state? If not, might another? Respondents with infinitely negative values for specific health states are commonly encountered in health valuation studies. When accumulating preferences across individuals, such extreme values negate the validity of summary statistics, such as population means and variances. A single infinite value causes the statistic to become infinite itself, losing all information about the other values within the population.
Even if such an extreme value is impossible, the potential of an extreme response (i.e., stated value) hinders survey research. When asked in a survey, respondents may state that they would give anything to have a baby, drink, or good nights sleep (not necessarily in that order). Whether such an extreme response is credible or not, sample means including these infinite responses are not defined. The potential for an infinite response or infinite value is a challenging aspect to all forms of preference-based measurement, and is acutely important in health valuation.
Currently, three tradeoff techniques dominate the literature, each of which involves varying quantities of life (i.e., time, risk, and persons). For example, the time trade-off technique (TTO) might ask whether the respondent prefers ten years in a disease state or eight years in optimal health. By raising and lowering the time in optimal health (a.k.a., quality-adjusted life years or QALYs), the interviewer can identify the respondent's indifference point (e.g., ten years in the health state equal to eight QALYs). A state may have an extremely negative value: a respondent may be indifferent between a minute with a disease and the loss of one QALY (one minute with disease equals negative one QALY), which implies that a year with disease is worth -525,949 QALYs. Such an extreme TTO response would overwhelm typical summary measures. Therefore, this paper introduces an application of directional statistics in health valuation studies that may replace the more common practices (Dolan, 1997; Shaw, Johnson, & Coons, 2005) .
The classical approach in health valuation remains highly controversial: (1) value is expressed as a ratio, representing the tradeoff between two goods (e.g. -1 year / 1 minute = -525,949 QALYs); (2) the summary measure is the mean ratio; and (3) because means with outliers behave badly, extreme ratios are arbitrarily transformed to make the estimates look more credible (Dolan, 1997; Lamers, 2007) . We show that the assumption of angular error or "wavering preference" motivates the use of directional statistics as an alternative approach to ratio statistics, and negates the impetus toward arbitrary transformations.
BACKGROUND
All trade-offs may be expressed using Cartesian coordinates (x,y), where a person is indifferent between x and y. In time trade-off (TTO), x is time in a disease state and y is time in optimal health (a.k.a. quality-adjusted life years (QALYs)). Value may be expressed by the ratio, y/x (See Figure 1) . For example, from a maximum choice of ten health years, a respondent may equate eight years in optimal health to ten years of disease time (Point A; value = 8/10 = 0.8). Or, a respondent may consider a scenario of two years of optimal health followed by eight years of disease, and equate it to "immediate death." Because the value of death is zero on a QALY scale, this response suggests the eight years of disease is equal to a loss of two years in optimal health (Point B; value = -2/8 = -0.25). All TTO responses (x,y) may be arranged on the dashed line in Figure 1 , and values on a QALY scale are bounded between one and negative infinity.
Using a sample of trade-off responses, the conventional approach to valuation is to estimate a ratio statistic, μ, by minimizing the sum of squared error:
Values, y i /x i , vary across individuals. Additive variation around a ratio statistic, μ, may be expressed using an error term, ε i , representing randomness in value and measurement error. Typically, additive error distributions have finite variance in addition to the expected value zero and independence. However, error in a ratio statistic can be poorly defined, because if one or more x values are zero, the error becomes infinitely large. In the UK valuation of EQ-5D states, Dolan addressed the infinite variance problem by arbitrarily replacing all negative ratios (i.e., worse-than-death or WTD ratios) with y/10 ( Dolan, 1997) . Because y in the TTO varies from negative 9.75 to 10 years, the range of the adjusted values is bounded, from -0.975 to one.
Another concern with the application of ratio statistics is that x and y are not interchangeable. In other words, μ(x,y) is not equal to the inverse of μ(x,y). This is particularly evident if one or more y values are zero. However, in a more general conjoint analysis, the tradeoff of x for y may or may not be equal to the inverse of the tradeoff of y for x, particularly in the case of complementary goods (e.g., shoe strings and shoes); however, this is an advantageous attribute in health valuation and other applications, like monetary exchanges (e.g., dollars for yen).
Drummond and colleague discuss similar difficulties in the estimation of incremental costeffectiveness ratios (Drummond, 2005; Stinnett & Paltiel, 1997) . On a cost-effectiveness plane, the y-axis reflects incremental costs (y) and the x-axis reflects incremental effectiveness (x). The convention is to divide the mean cost by the mean effectiveness (a ratio known as an incremental cost-effectiveness ratio or ICER) as an alternative to a ratio statistic.
The application of directional statistics in health valuation addresses the problems of extreme values and interchangability, and motivates an estimator nearly identical to the ICER (i.e., ratio of means).
METHODS

Directional Statistics in Health Valuation
Every point in a Euclidean space can be uniquely mapped to a set of polar coordinates (θ, r) described by an angle and a radius:
Specifically, each ratio (y/x) is the tangent of an angle, θ. The radius, r, represents the size of the tradeoff. Instead of a ratio statistic as the value estimator, we propose estimating the tangent of the mean angle.
In Figure 1 , we show that the QALY angles are bounded between 45 degrees and negative 90 degrees. For example, a non-trader's response of a negative infinite QALY value is a negative 90 degree QALY angle. Similarly, the value of optimal health (ratio = 1) is a 45 degree angle and the value of dead (0) is a zero degree angle.
Instead of expressing randomness in value, y i /x i = μ + ε i , we may express randomness in direction, θ i = θ + ε i . Direction error has been examined in many settings, such as adjustments on a dial, readings on a compass or clock, or the variability of wind directions or seasonality (Gao et al., 2006; Gao et al., 2005; Gao et al., 2002) . As in the aforementioned examples, respondent preferences in health valuation may waver in a directional fashion (e.g., feeling up beat or downtrodden).
Our solution of changing the coordinate system so that problems can be circumvented (or calculations be made more easily) is commonly used in physics. For example, obtaining the equation of motion of a system of coupled oscillators can be done easier using Langrangian mechanics with spherical coordinates than using Newtonian mechanics with Cartesian coordinates (Landau & Lifshitz, 1989) .
Because angles are bounded, directional statistics are finite by construction and interchangeable. However, two well known issues prevent the use of ordinary least squares (OLS) (equation 1) as a directional loss function for the estimation of mean angles: the crossover problem and circular variance. The crossover problem is related to the circular nature of angles. For example, on a compass, where north is zero degrees, the arithmetic mean of 45 degrees (northeast) and 315 degrees (northwest) is 180 degrees (south), not 0 degrees (north), even though zero may be a more accurate representation of central tendency. The potential of crossing over north prevents the use of arithmetic means in directional applications. The QALY angles lie between 45 degrees (the values of optimal health) and negative 90 degrees (value of negative infinity), not throughout the entire circle. Therefore, crossover (i.e., angles beyond 180 or negative 180 degrees) is not possible.
Because the sum of squared error does not represent circular variance, OLS (equation 1) is inappropriate to use as a directional loss function. The largest possible error in QALY angles is 145 degrees; yet, the OLS specification allows for error beyond 145 degrees, and the square of this error may reach beyond the crossover point (180 degrees). OLS is inappropriate for the estimation of a linear probability model for similar reasons.
In directional statistics, circular variance is represented by (2) Mean angle, , is the estimate that minimizes circular variance, which is a directional loss function analogous to OLS (equation 1). Mardia and Jupp refer to this measure of dispersion as one minus the mean resultant length, R̄ (Mardia & Jupp, 2000) . Unlike the error in ratio statistics, each element in the circular variance expression is finite, ranging from zero to two, with an overall mean ranging between zero and one. If the angles are widely dispersed (i.e., discordance in health state value), circular variance approaches one, R̄ ≅ 0, and if the angles are concentrated ( i.e., concordance in health state value), circular variance approaches zero, R̄ ≅ 1.
To clarify the estimator of the tangent, we take the derivative of equation 2 and set it to zero:
The tangent of the mean angle is the mean of y/r over the mean of x/r, where r is the radius. In Figure 1 , each TTO response has a radius as measured from the distance to the origin. If all responses (x,y) were rescaled by dividing by their radii, they would lie along the semi-circular line. The tangent of the mean angle would be the mean of the rescaled y over the mean of the rescaled x. In other words, the mean angle estimator ignores the distance from the origin of each response.
Instead, radii may be included in the loss function as weights for each element of equation two. It follows that the tangent of a radially weighted mean angle is the mean of y over the mean of x:
Radial weighting the loss function suggests that angular error far from the origin is more important than error near the origin. In valuation, tradeoffs with lengthy radii may be given more weight, because greater quantities are involved. For example, a monetary exchange involving millions of Euros may receive greater attention than a typical money exchange at an automatic teller machine. On the other hand, in trade-off response, which represents a single respondent's valuation of a single state (i.e., one person, one vote), variability in the radii (see Figure 1 ) is viewed as an artifact of the experimental design, and the mean angle removes this arbitrary noise. The point (9,10) is farther from the origin than the point (8,10), but this does not necessarily suggest that it is more or less important.
In health valuation, directional statistics are appealing for their technical simplicity and plain intuition (i.e., individual preferences waver). Instead of the ratio statistic (i.e., the mean of y/ x), the approach entails a ratio of means, . Radially weighted or not, the mean of x is nonzero by construction; therefore, the directional statistics may be more robust than their ratio counterparts. If x and y were switched, the resulting estimate would be the inverse of the original (i.e., interchangeability). When Dolan replaced WTD responses with y/10, the adjusted ratio statistic became , which is similar to the radially weighted estimator, (Dolan, 1997) . Although Dolan's transformation has no theoretical basis, estimates under the classical approach approximate those based on directional statistics by construction.
Circular Regression
Valuation studies typically examine tradeoffs between hypothesized health scenarios to predict the values of scenarios that were not directly incorporated into the sample. Out-of-sample predictions can be accomplished using a linear combination of state-specific variables, Z'β, known as a multi-attribute utility (MAU) regression model. Using OLS (equation 1), the classical approach is to estimate the MAU regrssion model, , where the dependent variable is the ratio, y/x. To improve the face validity of these predictions, Dolan arbitrarily replaced the dependent variable with y/10.
The circular regression approach is to estimate a linear MAU model by minimizing circular variance (equation 2), where θ i = arctan(y i /x i ) and . Similarly, the radially weighted directional loss function (equation 3) may be minimized to estimate . The MAU regression coefficients, β and β r , are on the same scale as the ratio statistic estimates; yet, the circular regression approach avoids the problems of ratio statistics and the arbitrary transformations of WTD responses.
The Measurement and Valuation of Health Study in the United Kingdom
To demonstrate the application of directional statistics in health valuation, we examine data from the seminal Measurement and Valuation of Health Study (Dolan, 1997; Gudex, 1994) . In 1993, the University of York administered 3395 interviews with a response rate of 64% and collected values of 42 EQ-5D health states and the state of unconsciousness. During the TTO exercise, respondents placed a value on up to 13 states. As mentioned earlier, the MVH protocol bounded the lower end of the loss in years to be greater than negative 9.75 (See Figure 1) ; therefore, the ratio, y/x, is bounded between 1 and -39 (or -9.75/0.25).
For the TTO analytical sample (N=3,355), respondents were excluded (1) if only one or two states were valued (other than 11111, "immediate death," and "unconscious"); (2) if all states were given the same value; or (3) if all states were valued worse than "immediate death." The three criteria motivated the exclusion of 1.2% of the TTO respondents. Across the 3,355 respondents, each of the 39,673 TTO responses described an equivalence of time in optimal and non-optimal health, BTD (10,y) or WTD (10+y, y), where y is time in optimal health between 10 and negative 9.75 years.
In this analysis, the values of the 42 hypothesized EQ-5D states were estimated using ratio statistics with and without Dolan's transformation of WTD responses, and using directional statistics with and without radial weights. This allowed the comparison of the four methods (i.e., mean ratio, Dolan adjusted, Unweighted, and Radially-Weighted) without the distraction of state-specific attributes. Likewise, four MAU regression models were estimated to predict the values of the 243 EQ-5D states.
For both the 42 state values and the regression coefficient, 95% confidence intervals were estimated using the percentile method by applying bootstrap sampling with respondent-specific cluster replacement. For each iteration of the bootstrap, a sample of respondents was extracted from the analytical sample with replacement and the analysis was re-run with the bootstrap sample. After 1,000 iterations, the parameter estimates were sorted and the top and bottom 24 estimates of each parameter removed. The 25 th and 975 th estimates represented the 95% confidence interval under the percentile bootstrap approach (Efron & Ribshirani, 1993) .
In complement to visual inspection, concordance between the predictions made in this study was measured using Lin's coefficient of agreement and mean absolute difference. Because of its prominence in the literature, Dolan's published value set was compared to these regression predictions. Using the same source data and variables as the original analysis of the MVH data, ratio statistic estimates with Dolan's transformation of WTD responses were nearly identical in this analysis to published estimates. Minor deviations between the published and the reestimated values may be attributable to differences in sample selection criteria.
Like the original analysis of the MVH data, the MUA regression model includes twelve indicator variables: five for second level domains, five for the third level domains, one for any second or third level domains (i.e., constant); and one for any third level domains (i.e. N3). The EQ-5D descriptive system has five dimensions (mobility, self-care, usual activities, pain/ discomfort, and anxiety/depression) each with three possible levels (Szende et al., 2007) . The MUA regression model captures the detrimental effects of each level on each domain as well as the multiplicative effects of any one second or third level domains (i.e., constant), and of any one third level domains in the state vector (i.e., N3). All database work was conducted on SAS 9.1, and the analyses were conducted using Stata 10 (SAS, 2007; StataCorp, 2007) .
ANALYSIS
After stratifying the analytic sample into 42 state-specific subsamples, we estimated the mean ratio with and without Dolan's transformation of WTD responses (i.e., and ) and the tangent of the mean angle with and without radial weights (i.e., and ). Without the Dolan transformation, the mean ratio is significantly positive for only ten out of the 42 states, which suggests that few states are better than "immediate death". These estimates clearly lack face validity, and motivate the Dolan transformation. Transformed estimates are significantly greater than or equal to mean ratios for all 42 states, arbitrarily increasing values.
Of the 42 states, 28 of the transformed estimates are significantly positive and 14 significantly negative, suggesting a third of the states are worse than "immediate death". Because the Dolan transformation is the conventional approach to health valuation, these estimates (i.e., Dolan ratios) are compared with directional results. Figure 2 , directional statistics produce values similar to the Dolan ratios. As a measure of concordance with the arbitrarily adjusted estimates, Lin's coefficient of agreement is 0.916 for the tangent of the mean angles and 0.954 for the radially weighted estimates. Similarly, the absolute mean difference is 0.136 for the unweighted and 0.067 for the weighted.
Based on
While the estimates are similar, the unweighted estimates are significantly less than the Dolan ratios for all 42 states (Figure 2) . The weighted estimates are more balanced; significantly less than the Dolan ratios for 26 states and greater than for 14 states. If the purpose is to produce estimates similar to the Dolan ratio predictions, the tangent of the radially weighed angle is a preferred estimator. Figure 2 further illustrates the negative relationship between the Dolan ratios and the anglebased QALY values. For BTD states, the differences between the Dolan ratios and the directional estimates appear small. For WTD states, the difference increases as states grow more severe. For example, the Dolan ratio of the "pits" state (33333) is X, and the weighted estimate is Y.
Health Valuation of the Entire EQ-5D Descriptive System
To assign values to all 243 possible EQ-5D health states, we estimated four regression models (Table 1) . Each coefficient reflects a decrement from optimal health (1.00); therefore, based on the 95% bootstrap confidence intervals, it is expected to be significantly negative. For example, the Dolan ratio coefficient of any one second or third level domain is -0.086, which suggests that non-optimal health states have a maximum value of 0.914 (or 1-0.086). This decrement is known as the non-optimal gap.
The first five coefficients represent the decrement associated with "some problems" on each of the five domains. For these coefficients, the 95% confidence intervals overlap. The second set of coefficients represents decrements associated with "severe problems." With the exception of the N3 coefficient, the Dolan ratio coefficients are significantly lower than the directional coefficients. The value of the N3 coefficient, being larger in the Dolan ratio model (-0.279) than in the directional models (-0.125 and -0.028), suggests that the directional models better differentiate the third level domains than the Dolan ratio model.
The replication of the Dolan ratio model is nearly identical to the published estimates ( Figure  3 ). Lin's coefficient is 0.999, and the mean absolute difference across the 243 predicted values is 0.006. The small difference is likely attributable to rounding error and changes in the sample selection criteria. Figure 3 illustrates the relationship between the published Dolan estimates and the angle-based predictions, including predictions for all 243 EQ-5D states (Dolan, 1997) . A negative relationship is illustrated where the greatest difference appears in the prediction of WTD values. For the 243 predictions, Lin's coefficient of agreement between Dolan's values and the unweighted values is 0.85, and the mean absolute difference is 0.164. Greater agreement is found in the weighted estimates, where Lin's coefficient is 0.922 and the mean absolute difference is 0.109. For reference, Figure 4 is a histogram of angular error for the circular regression models with or without radial weights.
DISCUSSION
In this paper, we introduce the concept of wavering preferences, and two directional statistics for use in the valuation of health states (i.e., and ). Each estimator addresses well known issues in the ratio statistics, specifically infinite values and interchangeability, and negates the impetus behind the transformation of outlying res ponses (e.g., Dolan or Shaw's transformation of WTD responses). The estimator is nearly identical to an incremental costeffectiveness ratio (ICER). The resulting predictions are similar to those commonly applied in health policy; however, differences occur in the more severe health states. We focus on health valuation; however, multiple areas of conjoint analysis in health and medicine may benefit from this approach, particularly those where tradeoffs seem unfathomable.
Given that the QALY scale is bounded between one and negative infinity, QALY angles are bounded between 45 degrees and negative 90 degrees. The directional estimator does not impose these bounds, which leads to two possible limitations. First, the predicted angles may be outside the QALY scale, which is similar to the problems faced in linear probability models. The ratio of means, , are naturally bounded to the interval, but out-of-sample predictions may be off the scale. This is unlikely to occur at the upper bound where 45 degrees is optimal health, because all descriptive systems describe decrements from this point. WTD values may seem more likely to extend past negative 90 degrees, but few states are WTD. A second limitation is that the confidence intervals may span outside the QALY scale. To address this limitation, we apply bootstrap techniques to estimate the confidence intervals around estimates instead of assuming symmetric standard error. Because bootstrap intervals are empirical and rely on resampled predictions, the confidence intervals remain within the QALY scale.
Alternative statistical methods in health valuation have been proposed to analytically accommodate infinite ratios, all of which have underlying assumptions with arbitrary elements. The most common is the transformation of WTD responses. Lamers and colleagues investigated three such transformations: 1) the monotonic transformation, y/10, proposed by Patrick and used by Dolan; 2) the linear transformation, (y/x)/39, proposed by Shaw and colleagues; and 3) truncation at -1 (Dolan, 1997; Lamers, 2007; Patrick et al., 1994; Shaw et al., 2005) . Lamers shows that each renders a different value set, and all transformations lack a sound theoretical underpinning.
A second class of alternative methods involves changing the estimator, not the data. In the current paper, we recommend the use of direction statistics; however, Craig and Busschbach recommend regressing y on x, using a coefficient, instead of a ratio statistic, as the estimator ). More recent work has investigated changing the measure of central tendency: instead of mean ratio, median or mode ratios may be estimated (Shaw et al., 2007) . Median and mode statistics mitigate the effects of potentially infinite distribution tails, but are less relevant for economic evaluations.
Choosing directional statistics over Craig and Busschbach's coefficient approach may appear arbitrary; nevertheless, each has a clear utility framework (i.e., wavering and episodic utility) . No theoretical framework has yet been proposed to motivate the manipulation of data or the use of medians or modes for decision analyses, so these more pragmatic alternatives may be less justified.
Changing the estimator does not resolve issues inherent to tradeoff experimental protocols. TTO responses are collected on two scales, one for BTD responses and another for WTD responses (Gudex, 1994) . Scale separation may psychometrically influence TTO responses, which is not addressed by the proposed directional statistics. Secondly, we examine the value of a health state by varying time as a quantity of life, not risk or persons. Even though the problem that we present in this paper is essentially two dimensional, this does not mean that the use of directional statistics is limited to two dimensional problems. In principle the methodology can be extended to include three or more dimensional problems, just like in physics (e.g. in relativistic mechanics a four dimensional coordinate system is typically used) (Bleichrodt, 2002; Craig, 2009; . Lastly, the TTO task involves only gains in time. Prospect theory suggests that respondents value losses distinctly from gains, and adjusting for these differences would be analogous to adding a reverse gear to the directional approach (Oliver, 2003; van Osch & Stiggelbout, 2008) .
The tangent of the radially weighted mean angle, , provides consistent estimates without the arbitrary transformation of WTD responses, and the estimator has a clear underlying theoretical framework (i.e., wavering preferences). Its predictions are nearly identical to Dolan's estimates, except that they have a wider range. To understand this difference, it is noteworthy that the two estimators, and , are the same except for the difference between x̄ and ten. Because time in disease (x) is ten years or less, no simulation is required to show that the proportional difference between the estimates is always by construction. The more difficult questions concern the implications of this wider range in QALY estimates for economic evaluations. Table 1 Multi-Attribute Utility Regression Models for EQ-5D Health States 
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In the TTO, better than death (BTD) response is (10,y) and worse than death (WTD) response is (10+y, y) where y is years in optimal health equal to x years in the health state. Dolan transformed the WTD responses from (10+y,y) to (10,y), arbitrarily inflating the ratios, y/x.
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